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Chapter 1

Background Material

In this chapter, we review some of the relevant concepts that will be used throughout the course.

Notation: We denote the set of extended real numbers as R = R U {—o0, +00}. We use lower-case bold
face letters to denote vectors and upper-case bold face letters to denote matrices. For any I € N, we define
[I] as the index set {1,...,I}. We denote by I the identity matrix and by e the vector of all ones. Their
dimensions will be clear from the context. All random variables are designated by tilde signs (e.g., é), while
their realizations are denoted without tildes (e.g., €). The characteristic function of a set S is defined as

xs(€) =0if £ € §; = 0o otherwise.

1.1 Convex Optimization

A large class of decision making problems can be formulated as a formal mathematical optimization model

of the form
minimize  fo(x)

subject to = € RY P)
film) <0 Vie[l.
Here fo : RV — R is the objective function (cost, negative profit, etc.) that we seek to minimize, and
fi : RN — R, i € [I], are constraint functions (budget, capacity, etc.) that define the feasible region of the
decision variable x. Note the constraint system in (P) is equivalent to a single constraint given by
max fix) <0.

We will find this representation useful when we delve further into optimization under uncertainty.



Definition 1 (Domain). The domain of a function f is defined as
dom(f) ={z e RN : f(z) < +o0}.

For a cleaner presentation, we henceforth encapsulate all constraint functions into the set X € RY defined
as

X={zeR": fi(zx)<0Vie[l]}.

Definition 2 (Infimum). The infimum of a minimization problem (P) is the largest number z* such that

fo(x) > z* Ve € X. We denote the infimum of (P) as inf (P) € R.

Definition 3 (Global Minima). A point * € X is called a global minima for (P) if fo(x) > fo(x*) Vo € X.
We further call fo(x*) a global minimum of (P).

Definition 4 (Local Minima). A point * € X is called a local minima for (P) if there exists § > 0 such
that fo(x) > fo(x*) Ve € X with || — x*|| < §. We further call fo(x*) a local minimum of (P).

Definition 5 (Feasibility). The problem (P) is called feasible if X # 0, in which case inf (P) < +o0.
Otherwise, it is called infeasible and inf (P) = +o0.

Definition 6 (Unbounded Problem). The problem (P) is called unbounded if inf (P) = —oo0.

In this course, we mostly concern ourselves with convexr optimization, in which the functions fy, and

fi, © € [I], have convex domains and satisfy the convexity property
fide + (1= Ny) < Afi(e) + (1= A) fily)  VA€[0,1], Vo, y € dom(f;),
for all ¢ € {0} U []].

Definition 7 (Proper Convex Function). A convex function f is called proper if dom(f) is non-empty and

f(x) > —oo for every © € RY.
Operations that preserve convexity are:
1. Composition with affine functions: If f is convex then f(Ax + b) is also convex.

2. Non-negative weighted sum: if f;,..., fx are convex functions and ws,...,wx are non-negative

numbers, then the combination wy f1 + -+ + wi fx is convex. We can generalize this result to the

integral F(z) = [, w(y)f(z,y)dy.

3. Pointwise supremum: If f(x,y) is convex in @ for every fixed y € ), then the pointwise supremum

sup,ecy f(2,y) yields a convex function.



4. Partial minimization: If f(x,y) is convex in (x,y) and C is a convex set then the function F(x) =

inf{f(x,y) : y € C} is convex in x.
If f is differentiable then f is convex if and only if
fy) 2 f@)+ V(@) (y-=z) Va,yedom(f),

where the gradient V f is defined as

Vf(x) =

or N

For every instance of (P) we associate with it a dual problem defined as

maximize ¢(0)
! ) (D)
subject to 0 € R,
where g(6) = infzern fo(x) + 3,1 0ifi(x). We can similarly define the optimal value of the maximization

problem (D) as sup (D).
Proposition 1. We have inf (P) > sup (D).

Proof. For every x € X and 6 € ]Ri we have

fo(®@) > fo(x) + Y 0:fi(w),

i€ (I]
since f;(x) <0, i € [I]. Taking infimum over X on both sides, we find

inf (P) = inf{fo(x): x € X} > mlgc fo(x) + Z 0; fi(x)
€[]

i€[I]
where the second inequality holds because we have enlarged the feasible set of  from X to the full space
RY. As the arising inequality holds for any 6 € Ri, the desired relation is thus obtained by taking the

supremum of the right-hand side expression. Thus the claim follows. O

For convex optimization problems, we can often have strong duality where inf (P) = sup (D). A sufficient

condition is described in the following theorem.

Theorem 1 (Slater’s Constraint Qualification). Let Z C [I] be the set of indices for which the functions f;,
1 € Z, are non-affine in x. If there exists © such that fi(x) < 0, i € Z, and f;(x) < 0, i € [I]\ Z, then
inf (P) = sup (D).



A subclass of convex optimization problems that will be of particular interest to us is linear optimization
or linear programming (LP) problems, in which the functions fy and f;, ¢ € [I], are affine in . In this case,
we can without loss of generality define fo(x) = ¢'x and fi(z) = a/ £ —b;, i € [I], for some problem specific

vectors ¢ € RY, a; € RN, i € [I], and scalars b; € R, i € [I]. This gives rise to the optimization problem

minimize ¢
subject to = € RY (P-LP)
Az <b.

To formulate the dual of this problem, we derive the explicit expression for ¢(@) in (D)

)= inf |e' 0,a] x — 0;b;,] =—-b"0+ inf |e' 0,a]
g() :clen]RN ¢ m+ez[l] a; ® EZ[I] ) +:clen]Rz\f ¢ m+ez[[] a; X

The last minimization problem evaluates to —oo if AT # —c. Thus, for the dual problem (D) to be feasible,

necessarily we must have AT@ = —c¢. This yields the explicit dual linear optimization problem
maximize —b'@
subject to 6 € Ri (D-LP)
ATO=—c.

For linear optimization problems, feasibility of either the primal problem (P-LP) or the dual problem (D-LP)

is sufficient to guarantee strong duality.

Theorem 2 (LP Strong Duality). If there exists © € RY such that Ax < b or if there exists 0 € Rfr such
that ATO = —c then inf (P-LP) = sup (D-LP).

1.2 Probability Theory

In a random experiment, the sample space €2 is the set containing all posible outcomes & € . Typically,
we set Q0 = RE. All subsets A C Q are called events. A probability measure P assigns every event A C ()
a probability IP’({~ € A) € [0,1]. Without loss of generality, we may henceforth use the shorthand notation
P(A) = P(€ € A). The probability measure P satisfies the following properties:

o P(Q) =1, P(0) = 0.
e For any disjoint sets A, B C Q, we have P(AU B) = P(A) + P(B).

e Let A° be the complement of A C Q (i.e., ANA° = () and AU A° = Q). Then, P(A) + P(A°) =
PAUA®) =P(Q) =1.

o If AC BCQ, then P(A) <P(B) and P(B\ A) =P(B) — P(A).



o If A, B C Q arbitrary, then P(AU B) = P(A) + P(B) —P(AN B).

Definition 8 (Support). The smallest closed set = C Q such that P(2) = 1 is called the support of £

Definition 9 (Conditional Probability). If A, B C Q are two events, then

P(ANB)

PAIB) = ~ 5

is the conditional probability of A given B, which is well defined if P(BB) > 0.

Definition 10 (Independence). If A, B C € are two events and P(AN B) = P(A)P(B), then A and B are

called independent.

If A and B are independent then

Theorem 3 (Law of Total Probability). Let Ay, As, ..

events such that:

e AiNA; =0 foralli#j.

° Uie[]]Ai = Q.

Then for any event B, we have

A discrete random variable € is described by a finite number of scenarios &1, ...

P(B)

P(A|B) = W = P(A).

P(BNAy)+---+P(BNAj)

P(B|AL)P(AL) + -+ + P(BJAr)P(A).

probabilities py,...,ps, that satisfies Zse[s] ps =1 and

ps:P(ézés) Vs € [S]

., A be mutually exclusive and collectively exhaustive

,€s with occurence

A continuous random variable £~ is described by a probability density function p(£€) satisfying

P(A) = /A p(€)dE,

for any events A C . Two discrete univariate random variables 51 and 52 are called independent if the

probability of any outcome factors into the form

Ps(&) = p2(&1,5)py (§2.5)-

Two continuous univariate random variables £~1 and 52 are called independent if the joint density function

factors into the form

p(&) = pz(§1)py(&2)-



Definition 11 (Expectation). Expectation of a univariate random variable 5 1s defined as

m@:KfM%) (11)

For a discrete random variable the expectation (1.1) reduces to Zse[ 9] ps€s while for a continuous random

variable it reduces to [, & p(§)de.

Definition 12 (Generalized Expectation). For a function f : REX — R of a random vector £, its expectation
is given by

Bel1(6) = [ 1(€) Plae)
Q
Definition 13 (Variance). Variance of a random variable € is defined as
- . N2
Var(§) = e | (€ - B21d) ]

while its standard deviation is defined as o(§) = 1/ Var(§).

Definition 14 (Covariance). Covariance of two random variables 51 and 52 is defined as

Cov(ér, &) = Ep [(& - E]P[éﬂ) (52 - EP[&])} ;

while their correlation is defined as

CO‘N’(gh §2)
o(&1)o(&2)

If & and & are independent, then they are uncorrelated.

p(€17§:2) =

A continuous univariate random variable ¢ is said to be normal (or has a normal distribution) if its

probability density function is of the form

1
V2T

We have E[¢] = p and Var(€) = o2. A standard normal random variable is a random variable that has a

o 3oz (E—m)?

p(€) =

normal distribution with ¢ = 0 and ¢ = 1. To express that é is a normal random variable with mean g and

2

variance o, we use the shorthand notation:

£~ N(p,o?).

Let §~1, §~2, 537 ...be an infinite sequence of independent and identically distributed (i.i.d.) random vari-

ables, each with an expected value u. The strong law of large numbers (SLLN) asserts that

.1 =
P 113110}2&—/1 =1
€[]



Let {;:1, 52, 53, ... be an infinite sequence of independent and identically distributed (i.i.d.) random vari-
ables, each with expected value p and variance o2. Define y; = Zie[[] &. Note that Elx;] =Ixup
and Var(x;) = I x o2, The Central Limit Theorem (CLT) states that for large I the random vari-
able (Y7 — In)/(ov/T) is approximately standard normally distributed. More precisely, letting E~N (0,1),
we have

P(wgr)—)ﬂp(ggﬂ as I — oo (Vr € R).

1.3 Using YALMIP and MOSEK

YALMIP is a modeling language for convex optimization problems. Using YALMIP, one can interface
MATLAB with various off-the-shelf solvers (CPLEX, GUROBI, MOSEK, etc.). YALMIP can be downloaded
from http://users.isy.liu.se/johanl/yalmip/pmwiki.php?n=Main.Download. The installation manual
can be found at http://users.isy.liu.se/johanl/yalmip/pmwiki.php?n=Tutorials.Installation.

We also need an optimization solver. In this course, we shall utilize MOSEK (https://mosek.com/)
which is excellent for solving generic conic programs. MOSEK has free academic license which can be
requested online from https://license.mosek.com/academic/.

To this end, let us try to use the YALMIP and MOSEK combination to solve a simple mean-variance

portfolio optimization given by:

minimize Aw'Xw — (1 — \)p'w
subject to w € RY

elw=1.

An example of implementation of the mean-variance portfolio optimization problem in YALMIP is given as

follows.

Listing 1.1. Mean-Variance Optimization

clear all

yalmip clear

options = sdpsettings(’verbose’, 0, ’dualize’, 0, ’'solver’, ’mosek’);
N = 3; % number of assets

mu = [10; 20; 30]; % mean returns

sigma = 0.3xmu; % std deviations

corr_mat = gallery (’randcorr’ ,N); % correlation matriz

Sigma = diag(sigma)*corr_matxdiag(sigma); % covariance matriz



lambdas = [0:0.1:1];
variances = zeros(length(lambdas) ,1);

means = zeros (length (lambdas) ,1);

for i=1:length(lambdas)
lambda = lambdas(i);

w = sdpvar(N,1); % decision wvariable

obj = lambdas*w’xSigmasw — (1—lambda)*mu’xw; % objective value

% generate the constraints

constraints = {};
constraints{end+1} = w >= 0;
constraints {end+1} = sum(w) = 1;
% solve the problem

optimize ([constraints {:}], obj);

% collect the outputs

variances (i) = double (w’*Sigmaxw);
means (i) = double (mu’*w);
end

% plot the efficient frontier
plot (variances ,means);
xlabel (’Variance’);

ylabel (’Expected_.Return’);
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[G-:;,LR')] ELG(2 P =E(WA)- ;e&llsw]
Morgyer b:] CLT: )
i (e'i..lg) - LK) ',:‘ef(\/w)]) —ib N (0_6; li‘J)
Wherg . 05’('7‘() = Ver | G (%, F))

. A
Veeh) - ;';)f{ Vst 74 N

L7y Yar ee.ch k. we neech (o colye o epfuu.;m.m; prDan e, o pr,whe alt
HI{'S(! C"meu?f.\']l-’r\ PmUr’ms_ 9 Shuald  ye [!un&l’i’dﬁ or thongands,

Becouse of SYmueetmy of N (o, & lx))

JUUE () - WF Vel - (l;,_fQ)l <25 N o, b )

For large enough .L,-
E[VsQ)- ,;ngtx) UC—”' R) +(6ﬂ®/j)-ﬁ where, & ~ Nt21)
’ JL j

e dant loye
this  nunbep
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For lorge L o
E [\ls&a wf o}~ &Ry }::p/ro'ﬂ N tor1)
?"GJle/J— y
We ue the Sowple varicage . 05 G umjtﬁe ’;, & =
SV R) = To \,?m.ﬂﬁt":l’ ) - a®)
then ‘F()r large k.
o ELVs®)- xefé\/m)] - GL& et . Gl.gm.bu-‘on taith [_-1 degre-"f ‘freednm
S R) /I . , L
. H)W' 'rg_-dd.) 1 d‘ L
- N -F('—‘_o) quantife of o t-ol'st w’rh (- 1 dvgreas of
N treedom,
} 0 J‘Llo\ W
[‘P(E[VNQ)S‘-/ AT B Gllﬂ) ) = |-
L (R /AL

& RIE[ V) - 2k e ]saLi)+ b miﬁg ) %1
fince V&\)' fen Vs s E‘. LVs&)- "; Us'-x)]

PR - e s g o LSR5,

-- &

Procedure for estimating Solution Quality

QOWUWUVWL QUOWUuwwowwoPY vwvuowwowuvwy

Inpsb .- 0 condidate  solutm ¥ EX
- toleroqce o
- botth gize, $
~.. Conple si2e L -
Output . opproximote LI~ )= IMI confidence m‘terval [0.8]

on the o[)ﬁ_malmj gep Vi) - ‘C.:'t \foo

Steps. :

1) &enem'rc L bah:hcs of size S

S mes Sdumn €

¢ .. ¢ _p?

' :r” - o
J) Co""fbﬂ”e :

alx, FL) 3 sz—(s] fol R, ilg £ & s%m &l 7, Z.ES) Vhell]

) Ly, | _

GIL(X)—_L .:._.!JGL“ (p)
VA (R =5 B, 61245 6. R))°



4) §+6LR) +tiaa SR /L
[0.57 35 the L0t) leve] confiloos imforval on V- fof Vg

Clis wide if:
1) R s a povr solution . Vig) - i';)f; Uix) i [ﬂfje

9 o vw - e s lorge , meanieq that we have lome negorte hios
ETifvew]<s nf Vo else wide)

3) lﬂ"gc SD.MP|B ervor TiLa,a SU@ l/,ﬁ, (Zre to be the Pr;‘marﬂ Cmfﬁhaﬁﬂ")

Remedﬂ:
1) Improve the quolty of opprox Scheme for dhioing X
2) Incresse S-
3} Increase S or k.
% Remork: lrcmosing S 75 mure exporsile, beoause prblee peawes horder.
Re commendatton in proactive s o fix L = 20-30 o indece CUT

@ O O O oY Pwe @ o wloow Wew v ww wWw
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Proot . Let R be a lmit_poiae of [X) e ogl Vst ) -
].';3 the closedness of X , we hove R €X . o
Cince X is Timite or Vi) 75 contituous on X %A
we have - };';L Vixd) = Viz) """";

where |53, A =R\ pick o subsequence )
o= | v -van|
= |ViR)- Vi | (Theoom i) |

Remork : A more powerful tpe of Convergence Pt YieldS the some reslts
Woith more reloxed conditions s eg?-mng

>

00000000 QO0C0000COH 00000000

Rote of conversgace .
5 (Vs -Vw) L2 N (0. 6%0) (eLT)
45 (,}2‘; Vst = m;( Vi) ) AL N (0.6'w)  wheee #* € srqint Vew , %eX
1 #* i5 not pwique then yhich one to use 7

Let U= axrg;‘\f Vl‘) CPﬁh\o] §o('u*f.l'.§ uf ““Mf PerIEM.

Foet » lf X is Compoct % §. Satisfies the Li]’SdlitZ condlition ;
39: T 2Ry sun vt EL§@) ] <soo
ond [ i3y - £ 1.2y s |4, yayeX as.
then by defming (X) ~N (0. 6*(%)) , we have.
.E(,;;)f sim - ;;f( Voo ) e H )

i x¥e 53;{ Very 5 unigue ,then . 5 ind Vsto - ;"g( Vi) &> (07
Taking expecrodtion | M s 0 oo at
5 (£ Lo Vo] - ELEf V] — E[uf P * ™%

A s wmiques s Hrm gos 5
S (E[v';:t uw ] - E [1:)‘: V""] )= 0 ot opmte of 3 ( Shopire )

Egﬁmaﬁn? Solution ?ual?tqf of problem ‘;&,t Viiy L Vs E L)
Condidate solution R € X | we wald [ike to ossess its Qualf‘tj.
Giwen 2 eX ond e (0 1) . we womt to find O confidence  intervol

Lo iV e8] 5ot ey e CUT o vty o
. ~ o~ ifimie Munber S
IP ( Ula ) - ;2§V[x) e [,0'$ ]) ~ l" A lu;c :_L ‘“r:""‘j"’":&
we wont to Oonctret 1his. ady -ﬂhxnn;rj

&P (Vi3)- ;';rx Vys § ) = |-a



ecture V). Oct 20
Obserustion : we have E [ &k Vo] < ,',j( Vi

SVE) - Mhvw s vE)- EL K vw)
te ofimat™y 399 - £ [ sR) - Dt Vew ]
~ J—

emrin‘cf-l vpﬁ't-ol-'Tj anf '

Maybe voe omn study the (agympwtic property of empiricol optimality
gef ™ derive the CI.

IHowever : .
. E(Usl?) Vl")) —9 N{O 60‘)) e VLX)-""'fV;(X N
e e e T e A

Multiple Repl.cmons Pocedure (MRP)  ( Mak, Mortss & Wood 1929)

@D O o e o

0

~ We will have K botthes of S somples ond do the  pualysis (s thee K botdes, @

et f= 8% %%~ 35)
61\4(‘,() = Vs (8) - &k Uewo
—52 {(A ""i ('K"é;sgcujﬂcvz))

se{s]
,.(}s\ Mo COtemetC (PPN o2

Toke K iid somples of ¢ and consider the SAA of
elaizpl- E[v;(a) o vsw ]
GelR) "'E ety B(R, P%)

We hove . {unbiased  ectimator )
ElGe))=ELG12.P))=ELw#)- i viw)
Morgver by CLT: )

TF (Ge®) - ELw®)- &llew 1) 2o N (0.6 )
wherp . 03['7\() = Ver | G (3. ?))

k7% Tor eech kb we needd 13 ¢cplig co oplwnzcr da problen e con penelize o
these optimZation prokloms, S Shuatd be  huegleeds o thoncands.

Becouse Qf SYmmetry of N (o, 65 lX)) R
Te LE D) - i Uw] - GeR)) 2 N (o, 653))
for large enough K:
ELVsg)- ’“LVng) ] GE®) +( 9""5/,]1) W whae & ~ N2
e dont have *3 /
this  nuebep

\-€

e — -

GN3)

60000000 Bo00o00e6C



©00HO000 OVOOV0VOH 600OQROE O

For lorg,ttk; £ o)
E (Vs - xgf V50 ) - Gp(R)  sewre N
o1
7 64 %1/ JE AU

We ug the sample voricnce 85 G sumqate.,

SVE(R) = = Zia (6&, P - 6“@))2-
then -Fm' lar_ge t:~f
q: = E [VS(?)' )lngVﬂK)] = 6&&) w .c_ d:s.rﬁb“-h*on ith K'1 degruol, -FMdM.
Q) [k
ﬂ’ (Y 51‘1:4,3.) AR S
o e “‘\ Eu-o) quartile of o t-dist with K-1 deyres of
e\ ‘ freedom,
O Apga W
Bl - Sl -Ge®) (p ) .
A SVk(R) /JK $ Tt ) % 1-dh

& PE[ V) - ,‘;’éﬁ\km] SGr (X) + traa g@ ) % I-a
K
cince V- ifvsy s LVsd‘)-i';f(l};cx)]

'->|T (V‘R) _ ;’:& Vst") < Qh (2) + tk-l;dd:ESV LQ ) 7/ ’_0’\
~ —~— —_—
§

Procedure for pstimating Solation_Guality
)

Inpsb .~ 00 condidote  solutn ¥ €EX
~ toleronce o
- betth size §
- gonple size K
Output . opproximete  (1-&)~lee| confidence interva) [0.51
on the th‘malmj gop V&\) = 4@; V)

Steps.

1) Grenernfp K batches of size S.

A A & Boich 1

izi L i:.s _ e’v

zkl i_kS _ Pk CCMF
2) COMrM'e,.

R =3 Z 6% T E, 000, 8%) yrelx]

3)  Let.

Gll:(?)-‘-‘k éaqalﬁ" f’k)
SV D = Fh Fn (6(R04)- 6u(R)’



- Remedj

4 5+GeR)tta SR/ . :
[0.83 75 the L) lavel comflnt nfora] on Vtn- '“f(VU‘)

C1 is wide i: ,
1) R is a powr solution Vb"‘)- "‘f V) &5 [arge

P i— Vw - Mf ox o) s lerge , meaning that we ho.ve, lorgc neﬂa‘ﬂtg bias
E Lxeﬁ\/cw]« mf V) (L also wotde) . R

3) lomge somple ervor  Tk-1,4 gUg @RIk (e tobe the primary  contribution)

1) lmpowe the qwl fg af approx sdmeme for Dbfm"‘j %

_2) Incresse S- BT g 00 A i A
- 3). Increase S ork. . = . . -
* Remark: Iicrosing § s moreexporsie, beoause priblem pecomos horder.

Re commendation in proctie is to fix K=20-30 1o indece CAT =

@00 D OOeEe Do ool b
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lecture 18 Oct. 25

Bender s decompwition  for 2~ Stuge pioblems with discrete d:s'tr.bqnmg

wf Ox ¢E[2D) | T(as)
*eX , L
whcrt.._.i-l*'i)?'“f A0S DY LAYz ep (TwE+ )T
‘oY @R o o LSt TR
- Toy i*hw-wj AL
B T T L SR A T
Plawy Py BH

st xeX .y oy eRe
T € + hl)t) Wﬂ . VS'&[S]

o e PUBT )T 4 pRas ) e o+ PP AT )Y

StoxeX. 4.9 . Y e Ry
S TwE =+ hi) = Wy

CTwy €14 hixy

- - s

CTw £ thw =

lafge “namper of
- oo e awse Siiman’. BG Uah‘nble’ a“d e
e e i e o) Conctroints NS

1}
T
[~
E".

R

o wy
Tor o fixed xeX , the. problem decompses_ist0 S omaller mbproblems.
= olgo.r:ﬂ.n ot _exploits this. 5

ldm _we, ore @“"‘3 ‘b) reduca -tht nunber crf vonables but mcreasc cons‘ndembfj:
_ the nuwber of  consirintg |

s . dtlnb]cvl Constroint  genercifion, __

How to reduce the # of Vano.bles’?

let Mo={meR”: Rt g> w*rr} VseIZS]
__Observetions. ;. o pee .

- for o '('\&e& 25 'the feas ble Se.t is. o polﬂ‘bf?e Wwith flm‘tclj lbu.‘t- ton

.. ..be exponent®lly ) many. extreme. poirts. .. oo AtaA
L
A =it dossnt dPPend on X.. . . @
_;Trs fs bounded Loith Exireme poists . oas,.-m i rM:n w&f)

(wheee L depends on S Lcon_ be BKPM.Q*]?NH. in.. .,NA ..’.‘.1)

CZa\x g% = SuP(TLx)ZSw"“"))T hooz Hoxeh
A
st TERT C T Tixety
o AR K w‘n _ F
-
: Eomax (Twef+hw)m; L KN
L6C] ¢ 5 o f

= ,,.._._.__._,A
?ul‘f‘(’! e lineor faavex



(9= wf Xt Fe P T
xeX

® @ ©

= ;‘;& c'X *s%wj p> Mﬁs* hay )T ﬁ{,
< it TxrZy pPY° LP witt fower % of Voriies @
Sk xeX 7Y G:Ik3 but (ijtr# of congtroiets
(T 2" thy )T < 0% L sCl) L ble] 4 5 beopoenel =r-d
) (Twe’ + h)) RS so | VselS] ymelml
- T1° is unbounded
Anj.Poiwr in o P°'.'i1°mpﬁ be descrived I’j QA convex  Combingtion v-f exXTIong  PDeats
+ a nonnegative  lineor- Combination of extreme rays

It ré

4[}5
W N
L
For o fived €. Pk
Zal 7.2%) = sep (Tw) £ )’ | o
sk, T GFRJ {
Qs’+3 7 WN

Z4(7.5° )<+ & (Tws’rhn)' fw so .YmelM]
Za |7 )< 40 o Zd (xg®)= ins (Twe*+heo)T 1,
AQX congtimat (x) to previo=s 1 formadarion

T T ot s use all whe extime oS cud

d congpsitiD lqorith 25
& ion _odgorithm for (25) reys. Desdl produce Abem, ietitely,

Tnputs . poroweters of (23)
N N ¥
Outputs . olJt’mtalS soleTion SK g:qmj;%est)
“Swp0: lev Wegp Vg, YselS)
\Cun‘ent set,\ Cuntent cet o extreut ¥oYS

of extreme poitg of s
of s

*Step 1. Jolve e moster provlem .
S =
st. xeX . reR’
(Twes+na)t 0 s¥° | yoeuw’ ] Vsels]
(Twe*+hx))T ) eo . Yje V*
Eive the optimal Solution 14 19 Ysets ]

Atfiver ng cd V* gre empty .

s the olﬂc’-ui yvelae ¢ - oo
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‘S‘t&flz FDr‘o'l\ self] solve .
Za (R 85) = sup (TO S+ hoy) ™7y
st. Te R’
. Qg >y W
F Za(R,€°)< ¥ | ¥sels]
terminate X ¥z £ ic the optimal solutton
Otienvise go to step 3.

lecure 9. Ot 27
nf  CX+ gy P 20 E)
= in‘f CTX +sf-i$] Ps YS
st xeX ., JeR o gt of doel recwrse
(Twes+ hog )T TP ¥sels] viell]
(Tw +he)T rms o ¥Sels] . UmeLm]
extreme ray of duol recourse,

T = neRd Ansh)
Def (Rececsion Com ) : For any pelyhedrol st T ={mepd  Amspy

s recession cone is defined oas C‘-‘fr Elkj.- ﬁrSO‘]
. r ~

T

L alre

T
| a
| C Pl’[ -'7]
pral " [ &
A ) <o T ] R

O'r-o
1 RET, thon or ony FeC, A«P)sh A« AP sb
: $h 50
Det (edione "“9) : T E€C i on exrme rey of M i there ore I-1 ll'ﬂtarj
independent Construsts from AT S0 thot Qre active

G
l"i)

sup CI
us:!-)c. At sb :
= The LP prodem 15 wibwnded & 3T €C, (T o
B 3veetiC), CFro

edm'\t msls

Proof <) & it C'F>0, Feext(0) smeext(c) SC . FeC
=),?-=.?gm],{jm?m’whert Y& exttC) , Yme[m]
R MmZo  UmelMm)
v F = Ewy MmO 20
S ¢"Ta? for somg melMm]
- Bowded & Y Feext{C) , &F <0



Contime  Dender’s Jecomposition alaorithn for (25) ‘
-gfqa; 1{- for o s e [S] the dual  repcourse fwble"‘ s unbouaded .
Za L? ) =40 ¥ X is on ivrfcas‘ble solution
Sslvey witll aive o dlmchm of extreme ray Y.
such that (TL&‘)Zf hu)) L%
Adh VSV U {F]).

o G

@ G

1t Zaix .Y - then
let fi e omeup (TWHE ehd )T

5%, ‘ne Y
@s’+q 7 W
Akd W= WO 7Y
Go to step 1. 3
pK; ]meutj)
o0 wh ntE b Eplmee] vy [ Zyqmox {Un7n-Vae, 0} 1-n0 ¥ ]

s.k. xeﬂz,, )\eh‘l
= mf Xt z (ot Frmr <7, n7)
st. xeX, delR . PERY, res, o - '
at 0fstsTs 7 (ovy At E_W mwi\}nx..—\/nz.‘,ﬂ N yseR”

o+ ?2+S.TTE7’°=VS€]R = Foie
p [ 0 l 0
wc?ot-e(‘i-ri [e= (e x fl,Tw X=VeE ) -n L YLE{ony"
VoX 5 P- Lc-w X"’(L'V) ¥ - Lbu)ri A
S VA N/ VRN J-l R
e T Lw)
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[“(‘*W) %= lCﬁ)’ﬂ (1) JW wiepy” |
:
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~

WA TR S I Supp(r’!' n'f he Vl(b‘.cu. 14 YR ded, | Lue Can wewy
En find o lingor wppermoangd Am-l ling will exceeds
the f‘upport
;) '"T At 6 Stal) ti’ [ml LC'V) At lneoq“*u"i"‘n z+>..‘,‘| N
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)&y [ I r\zew]Qn 'i {(5' rg'w] rh) J 0
LBl a1 Fse )T
* .
Sme €35 demand . ¥ s ¢&d A< sb ‘] ,‘{;‘;['b“'*(uz"' 5Tl'i")° 0 dual

lecrure 2°. Noev 1
int "x+ Sup Z(%,%L) (Zk) WO (ore re(cwtt'-[u.lt‘ffvn
xe, e
where  ZUx.£)= inf (QE+9)7 Y

st. Y eR”
T ¢ +hw) s I)Uj
ond B=1{s6R": Ss st

Summa_rj

1) Piecewise - linear model  (subut of 2-s10gy)
— Stochostic . disgrete  chist. Loth S scenorios @ Hractoble Of5)
— Stochastc in general is NP- hard
- VDIIQ 2. l*grqcrafclle under repsonoble  ossumptions
z) 2- Swge mode
~ Stochastc  discrete dist.  with S scenarios = tuctable O5)
= Stochastic in Qenernl NP-hord < upper & lower bownds
Monte Corlo
= PRO in gererol NP-hard - upper & lower bounds
o robust opt. : support of livt,

Why - proving NP- hordness is usetul .
~ better undermndc'nﬂ of the wmplex:-rj of the prblem .
~ ouotd fuhre embarnssmert
— wont o Solle o problem you percejve o be hord
- develop apprx. scheme, bt dint  prowe NP - horginess
~ some time loter.
~ Someont proves problem  NP- hord = v
— someme prvides o poijnom:al time  plgprithm, x

Thw: (2R) s NP-hord even if B0 & there is no fint staqe decsion %.
gﬂbﬂjﬂ : @) Pick an NP- hordk problem (@)
© Gererste 0. polymomis] ~ time reduction from ony instance of (Q)
to an instonce of (2R).
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Proct. O of 1 InTeeer Proaramming Feas'zannt,
INSTANCE : Given S cﬂlmk X teRk"
QUESTION . Ig there o bmanj vector £CG 10 '] Such ot SSt |

® Ingtmce : C*o0 , Q@70 . ﬂ‘eeR :
Tm=[1] emz[:xk hoxy < [ ‘ zhi

1 ?Qul.n.-.o\ BN S
W’[ i ] emzlul‘ D_i[_o,l] :gﬁst] ;
g x.s) =it ely = ..éuq"‘“lik, -5 )
s,., £ s}y
- +e Sﬂ

Ip 'feas:b;l:-rj is satisfied @;;E Zl:elk] moux igk’ -Se] 7K

Pl‘O"f 6 10, l]“ . Sgst »%3eq htﬁ]"“l_&,_'_?jf) k
-4’" -] = mo.xj 2,, I-Sk] € Teejo, 1)
.- Ms iic’to'l]k m]Mfil: |‘£k]7 K‘ -101!]
° = 1 Tk

Rt hondk Side:JEEB . Zg x| 5 15 )7k
@JseBa io,uj"

=3 E{O,aj , se st
Irgt:-bvlrm resul'fs for Q=0
) L’.l = CD'lUi i "\] where L s pol’noma( n K % Na. Cxex‘f't’mf pm»u
f fo(‘ki) is cnueX inT then: sup f, 2.8)= MW‘ fo 115
SC.I" Let
We hove previnis |j shown that: N t fotnt )
ZAL)is comex in £ Q=0 o b
P 8
:..f c'x + e T, 8) -
= ig)f Rt Ty Bt)
= il e+ 1 . = o ke
sit. xeX . 1eR st, xeX , ek y
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= 7'\'[ c'x +

= mf ('x+1

:mf C'x +1

st. xeX el Y er™
9"yts1
Toy €'+ hwo s Wy

Zg= sup (Twe 1hoo) T
Sit. T[&R+
9= WM

lee T={wer]. g-way

T $) = Zdans) =

wf cTx+ g‘;& Zw.¢)

st. xe X . el

sup mox (Tws+hw)m 4 &> M 3‘*? (T +hwy s 1
12 re®} redrd

Pender's (e comppsition ol garithim

St
ted

®O ORI OOOOOBOOEH OGO G®O6 00

m'f CX-l"l/
st. XeX, 1eR
sup (Toy2 +hoo )T S 1

 vlell]
‘s vielL)

ﬂ :5 60und&d & hD.S QCTM% PDsh'bs 7[ ”n thu R |‘$ Po!jmm‘\a‘ '."k&Nl.
(.TW?- + hm))T r We clso pesime Q=0

o, Tis) = | Tep? §s+q = |

& Sub (Twshey )1 s, VrdR]
TRt
© ()T £ ¢ ¢-ho "
1“5”‘ st 8o ]s )
& 16TeR (6"t st-hvc)n el
S Tlt) Al ]

st. XeX, 1ef | eelk*, vrelR]
(6N +ho' " s

sTe"=Tw'n" Jyretw
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Lecture 21 NV 3.

iwf X+ SUP E(RE) (28)
Xex A
where Zwx.£) = il Q'Y

5. 46 Rm.

TWE thw) Wﬂ
= Zq\x.8) = sw (Twer by )T T

st TERS
ﬂ =W
in f C't 14
XEX <
wp St Swp EXE) ST

A

Benders Decomposition  Mlastithm
- asSum complem reconrse
X, %) <too , VYseX, Viecl
Con be extended 1o the (ose tohere T008) =+ for gom % 42
—  con beextended o other DRD models.

—A@ori-l'hm :
Input Parome ter -rf (212)
Ourput Optima| solution % ¥ o [2R)
o Step 0: Let U= ¢ (current set of extfeme pyinty of £)
'Qtey 4. Solwe the moster PI‘DHPM
mf Jx+
st xeX . 1ER subsiite T Conrse '{\U“C*ion with ity defind.on
zx st YeeU @ 3 er™,
4% =1 y Veeu
TW) s+heg s Wy
Give ug optima|  solurion 2,%)
«Step 2. Selve 5,9: (L, 9)
hord 2 perfori - ) o
if ;e"‘é’ 2K, £) €1, terminate . the sobaion X =% is optmal to (2R).
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